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Example. Integrable systems.

Potential Kadomtsev-Petviashvili (PKP) equation

utx +
3

2
uxuxx +

1

4
uxxxx +

3

4
s2uyy = 0.

Admits an infinite dimensional algebra of distinguished
symmetries gPKP involving 5 arbitrary functions of time
t. (David, Kamran, Levi, Winternitz, Symmetry reduction for the

Kadomtsev-Petviashvili equation using a loop algebra, J. Math.

Phys. 27 (1986), 1225–1237.)
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The symmetry algebra gPKP is spanned by the vector
fields

Xf = f
∂

∂t
+

2

3
yf ′

∂

∂y
+ (

1

3
xf ′ − 2

9
s2y2f ′′)

∂

∂x
+ (−1

3
uf ′ +

1

9
x2f ′′

− 4

27
s2xy2f ′′′ +

4

243
y4f ′′′′)

∂

∂u
,

Yg = g
∂

∂y
− 2

3
s2yg′

∂

∂x
+ (−4

9
s2xyg′′ +

8

81
y3g′′′)

∂

∂u
,

Zh = h
∂

∂x
+ (

2

3
xh′ − 4

9
s2y2h′′)

∂

∂u
,

Wk = yk
∂

∂u
, and Ul = l

∂

∂u
,

where f = f(t), g = g(t), h = h(t), k = k(t) and l = l(t)
are arbitrary smooth functions of t.
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Locally variational with the Lagrangian

L = −1

2
utux −

1

4
u3
x +

1

8
u2
xx −

3

8
s2u2

y.

But admits no Lagrangian for the PKP equation invariant
under gPKP !

To what extent do these properties characterize the PKP
equation?
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Modified KdV (MKdV) equation

vt − vxxx − v2vx = 0.

Write v = ux to get the variationally closed equation

utx − uxxxx − u2
xuxx = 0 (?)

with the Lagrangian

L = −1

2
utux +

1

2
u2
xx −

1

12
u4
x.

Equation (?) admits an infinite dimensional algebra gMKdV

of distinguished symmetries with the generators

tt =
∂

∂t
, tx =

∂

∂x
, s = t

∂

∂t
+
x

3

∂

∂x
, uf = f(t)

∂

∂u
,

where f(t) is an arbitrary function of time.

But admits no Lagrangian for (?) invariant under gMKdV !
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Davey-Stewartson (DS) equations

−vt + a(uxx + uyy)− bu(u2 + v2)− cuwy = 0,

ut + a(vxx + vyy)− bv(u2 + v2)− cvwy = 0,

wxx − wyy + c(uuy + vvy) = 0.

Admits an infinite dimensional algebra of distinguished
symmetries gDS involving 6 arbitrary functions of time
t. (Omote, M., Infinite dimensional symmetry algebras and an

infinite number of conserved quantities of the (2+1)-dimensional

Davey-Stewartson equation, J. Math. Phys. 29 (1988), 2599–

2603.)

The Lagrangian

L = vut −
a

2
(u2
x + u2

y + v2
x + v2

y)− b

4
(u2 + v2)2−

c

2
(u2 + v2)wy − w2

x + w2
y

is not invariant under gDS .
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Example. Gauss-Bonnet Theorem.

Even dimensional compact orientable Riemannian mani-
fold (M2m, g) with curvature form Ω.

Euler form Pf(Ω);

Euler characteristic X (M).

Gauss-Bonnet:
∫
M
Pf(Ω) = (2π)mX (M).

The Euler form is invariant under orientation preserving
diffeomorphisms and its Euler-Lagrange expression van-
ishes.

How does one identify other analogous objects on Rie-
mannian manifolds?
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Example. Foliations.

Codimension q transversally orientable integrable distri-
bution ∆ on M .

Frobenius: There is ω ∈ Ωq so that

X ∈ Γ(∆) iff X ω ≡ 0.

Integrability of ∆ ⇔ dω = η ∧ ω.

Godbillon-Vey form: γ = η ∧ (dη)q.

The Godbillon-Vey class is the cohomology class of [γ] ∈
H2q+1(M).

Proper framework, generalizations, extensions?



8

Goal is to reduce these type of
questions to algebraic problems
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Diffeomorphism Pseudogroup

Mm m dimensional manifold
D = D(M) pseudogroup of local diffeomorphisms of M
Dn ⊂ Jn(M,M) bundle of nth order jets, 0 ≤ n ≤ ∞

Coordinates on Dn:

gn = jnz ϕ = (za, Zb, Zbc1 , Z
b
c1c2 , . . . ),

where za, Zb are local coordinates of M about the source
and the target, and Zbc1 , Zbc1c2 , . . . stand for the derivative
variables.
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Pseudogroups

G ⊂ D is a pseudogroup if

1. id ∈ G;
2. ϕ, ψ ∈ G ⇒ ϕ ◦ ψ ∈ G where defined;
3. ϕ ∈ G ⇒ ϕ−1 ∈ G.

G is a Lie (or continuous) pseudogroup if, in addition, for
all n ≥ N ,

4. Gn ⊂ Dn is a subbundle;
5. ϕ ∈ G ⇐⇒ jnz ϕ ∈ Gn;
6. GN+k = prk GN , k ≥ 1.

Infinitesimal generators

A local vector field v ∈ X (M) is a G vector field, v ∈ g, if
the flow Φv

t ∈ G for all fixed t on some interval about 0.

Let Gn be determined locally by Fα(z, Z(n)) = 0. Then a
G vector field v satisfies

Fα(z,Φv
t

(n)) = 0 =⇒ Lα(z, jnz v) = 0.

These are the infinitesimal determining equations for G.
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Maurer–Cartan forms for D∞:

D acts on Dn from both left and right by

Lψj
n
z ϕ = jnz (ψ ◦ ϕ),

Rψj
n
z ϕ = jnψ−1(z)(ϕ ◦ ψ).

Horizontal forms: dza

Basic Contact forms: θbc1···cp = dZac1···cp −
∑m
i Z

a
c1···cpcp+1

dzcp+1

Maurer-Cartan forms are represented by invariant contact
forms on D∞.
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Construction of right invariant forms on D∞:

The target coordinate Zb invariant under Rψ =⇒

ωb = dHZ
b =

∑
c Z

b
cdz

c,
µb = dV Z

b = dZb − Zbcdzc,

are also invariant under Rψ.

Operators of invariant differentiation:

DZa = W b
aDzb , where

Dzb =
∂

∂zb
+
∑
p≥0 Z

c
d1···dpb

∂

∂Zcd1···dp
and W a

b = (Z−1)ab .

Right invariant coframe on D∞:

ωa, µab1···bp = LD
Zb1
· · · LD

Z
bp
µa, p ≥ 0.
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Structure Equations:

Taylor series method: Let

µa[[H]] =
∑
|J|≥0

1

J !
µaJH

J ,

where J = (j1, j2, . . . , jk), 1 ≤ jl ≤ m, is a multi-index of
length |J | = k.

Write

µ[[H]] = (µ1[[H]], . . . , µm[[H]])T , ω = (ω1, . . . , ωm)T .

Then dµ[[H]] = ∇Hµ[[H]] ∧ (µ[[H]]− dZ),

dω = −ω ∧∇Hµ[[0]].

Invariant coframe for G∞: Simply pull back ωi, µaJ
to G∞.

Relations: On G∞, the Maurer-Cartan forms µaJ satisfy
the right-invariant infinitesimal determining equations

Lα(Z, µaJ) = 0. (1)

Structure equations for G∞ v structure equations for D∞
modulo relations (1).
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Moving frames. Let π : E → M be a fibered manifold
and write Jn(E), 0 ≤ n ≤ ∞, for the nth order jet bundle
of local sections of E →M .

Locally Jn(E) ∼
{

(xi, uα, uαi1 , u
α
i1i2

, . . . , uαi1i2···in)
}

.

The action of D on E lifts to Jn through its action on
sections, and this action factors into an action of Dn (and
Gn, g, . . . ) on Jn. This process is called prolongation.

A local moving frame of order n is a G-equivariant map-
ping

ρn : V → Gn, Vopen ⊂ Jn,

preserving base points.
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Existence of moving frames.

Isotropy subgroup at zn:

Inzn = {gn ∈ Gnz | gn· zn = zn}.

G acts freely at zn if Inzn = {idnz } and locally freely at zn

if Inzn is a discrete subgroup of Gnz .

Theorem. A local moving frame of order n exists in a
neighborhood of zn ∈ Jn if and only if G acts locally freely
at zn.

Theorem. If Gn acts (locally) freely at zn ∈ Jn, then Gl
acts (locally) freely at any zl ∈ J l with πln(zl) = zn, for
l > n.

Theorem. Suppose Gn admits a moving frame on V ⊂
Jn. Then Gn+1 admits a moving frame on V(1) = (πn+1

n )−1(V).

=⇒ The projective limit of a compatible sequence of
moving frames is well defined on J∞.
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Construction: Choose a cross-section K for the action
of Gn on Jn. Define ρn(zn) by the condition ρn(zn) · zn ∈
K.

Opposite view: Let

Hn|K = {(gn, zn) | zn ∈ K, gn, zn based at the same point},

and let

τn:Hn|K → Jn, τn(gn, zn) = gn · zn.

Then, if the action is locally free, τn will be an equivariant
local diffeomorphism with the action of G on Hn|K given by

ϕ· (gn, zn) = (ϕ· gn, zn).
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Invariantization. Let Hn be the pull-back of Gn → M
under π̃no : Jn →M ; hence gn ∈ Hn is the pair

gn = (zn, gn),

where both zn ∈ Jn, gn ∈ Gn are based at the same point
z ∈M .

Source and target maps

σn(gn) = zn, τn(gn) = gn ·zn.

G acts on Hn from the left by

Lψg
n = (jnz ψ ·zn, gn ·jnψ(z)ψ

−1).

Then τn(Lψg
n) = τn(gn) so that the target coordinates

are G invariant.
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Decompose Ω∗(H∞) = ⊕i,j,kΩi,j,k, where

i is the horizontal degree in J∞

j is the contact degree in J∞

k is the contact degree in G∞

Let πJ be the projection πJ : Ω∗ → ⊕i,jΩi,j,0.
πJ preserves G invariance.

The lift of ω ∈ Ω∗(J∞) is λ(ω) = πJ(τ∗(ω)).

Given a moving frame ρ for a pseudogroup G, the invari-
antization ι(ω) of ω is

ι(ω) = ρ∗λ(ω).

Theorem. The invariantization of a local coframe on J∞

produces an G-invariant local coframe on J∞.
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Variational Bicomplex

The cotangent bundle to J∞(E) splits

Ω∗(J∞(E)) =
∑
r,s≥0

Ωr,s(J∞(E)),

where ω ∈ Ωr,s(J∞(E)) is a finite sum of terms of the
form

f(xi, uα, uαi , . . . , u
α
i1···ik)dxj1 ∧ · · · ∧ dxjr ∧ θα1

J1
∧ · · · ∧ θαs

Js
.

(θαJ = duαJ − uαJjdxj)

Coordinate total derivative operators

Di =
∂

∂xi
+
∑
|I|≥0

uαIi
∂

∂uαI

=
∂

∂xi
+ uαi

∂

∂uα
+ uαij

∂

∂uαj
+ uαijk

∂

∂uαjk
+ · · ·

span the module of horizontal vector fields, which gives
rise to a flat connection on J∞(E)→M
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Splitting of the exterior derivative:

d = dH + dV , d2 = 0,

dH : Ωr,s → Ωr+1,s, d2
H = 0,

dV : Ωr,s → Ωr,s+1, d2
V = 0,

dHdV + dV dH = 0.
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Get the double complex

xdV xdV
0 −→ Ω0,3 · · · Ωm,3xdV xdV
0 −→ Ω0,2 dH−−→ Ω1,2 dH−−→ · · · Ωm−1,2 dH−−→ Ωm,2xdV xdV xdV xdV
0 −→ Ω0,1 dH−−→ Ω1,1 dH−−→ · · · Ωm−1,1 dH−−→ Ωm,1xdV xdV xdV xdV
R −→ Ω0,0 dH−−→ Ω1,0 dH−−→ · · · Ωm−1,0 dH−−→ Ωm,0xπ∗ xπ∗ xπ∗ xπ∗

Ω0
M

d−−→ Ω1
M

d−−→ · · · Ωm−1
M

d−−→ ΩmM
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Define

∂Iαu
β
J =

{
δβαδ

(i1
j1
· · · δip)

jp
, if |I| = |J |,

0 otherwise.

Interior Euler operators F Iα: Ωr,s → Ωr,s−1, s ≥ 1,

F Iα(ω) =
∑
|J|≥0

(
|I|+ |J |
|I|

)
(−D)J(∂IJα ω).

Integration-by-parts operator

I : Ωm,s(J∞(E))→ Fs(J∞(E)) ⊂ Ωm,s(J∞(E)), s ≥ 1,

I(ω) =
1

s
θα ∧ Fα(ω).

Spaces of functional s-forms Fs = I(Ωm,s), s ≥ 1.

Differentials δV = I ◦ dV : Fs → Fs+1.

Then δ2
V = 0.
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Free Variational Bicomplex (Anderson, Gelfand, Tsujishita,
Tulczyjew, Vinogradov)

xdV xdV xδV
0 −→ Ω0,3 · · · Ωm,3

I−→ F3xdV xdV xδV
0 −→ Ω0,2 dH−−→ Ω1,2 dH−−→ · · · Ωm−1,2 dH−−→ Ωm,2

I−→ F2xdV xdV xdV xdV xδV
0 −→ Ω0,1 dH−−→ Ω1,1 dH−−→ · · · Ωm−1,1 dH−−→ Ωm,1

I−→ F1xdV xdV xdV xdV
R −→ Ω0,0 dH−−→ Ω1,0 dH−−→ · · · Ωm−1,0 dH−−→ Ωm,0xπ∗ xπ∗ xπ∗ xπ∗

Ω0
M

d−−→ Ω1
M

d−−→ · · · Ωm−1
M

d−−→ ΩmM
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The edge complex

R −→ Ω0,0 dH−−→ Ω1,0 dH−−→ · · ·

dH−−→ Ωm−1,0 dH−−→
Div

Ωm,0
δV−→
E
F1 δV−→

H
F2 δV−→ · · ·

is called the Euler-Lagrange complex E∗(J∞(E)).

Both the variational bicomplex and the Euler-Lagrange
complex are locally exact.

Horizontal homotopy operator

hr,sH (ω) =
1

s

∑
|I|≥0

cIDI

[
θα ∧ F Ijα (Dj ω)], s ≥ 1,

where cI = |I|+1
n−r+|I|+1 . Thus

ω = hr+1,s
H (dHω) + dHh

r,s
H (ω), r ≤ m− 1;

ω = I(ω) + dHh
m,s
H (ω), r = m.
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Example: E = {(t, x, y, u)} → {(t, x, y)}.

ω1 = V1dt+ V2dx+ V3dy ∈ Ω1,0

⇐⇒ a vector field V = (V1, V2, V3),

ω2 = W1dx ∧ dy +W2dy ∧ dt+W3dt ∧ dx ∈ Ω2,0

⇐⇒ a vector field W = (W1,W2,W3),

ω3 = Ldt ∧ dx ∧ dy ∈ Ω3,0

⇐⇒ a Lagrangian L,

ω4 = ∆ θ ∧ dt ∧ dx ∧ dy ∈ F1

⇐⇒ a differential equation ∆ = 0.

(A) ω2 = dHω
1 ⇐⇒ W1 = DxV2 −DyV3,

W2 = DyV1 −DtV3, W3 = DtV2 −DxV1;

(B) ω3 = dHω
2 ⇐⇒ L = DtW1 +DxW2 +DyW3;

(C) ω4 = δV ω
3 ⇐⇒

∆ = E(L) =
∂L

∂u
−Dt

( ∂L
∂ut

)
−Dx

( ∂L
∂ux

)
+DtDt

( ∂L
∂utt

)
+· · · .
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Moreover,

(D) δV ω
4 = −1

2
Hpqr∆ θ ∧ θtpxqyr ∧ dt ∧ dx ∧ dy with

Hpqr∆ =
∂∆

∂utpxqyr
− (−1)p+q+rEpqr(∆),

where

Epqr(∆) =
∂∆

∂utpxqyr
−(p+q+r+1)Dt

(
∂∆

∂utp+1xqyr

)
+· · · .

The complex

R −→ Ω0,0 dH−−−→
Grad

Ω1,0

dH−−−→
Curl

Ω2,0 dH−−→
Div

Ω3,0 δV−→
E
F1 δV−→

H
F2 δV−→ · · ·

is locally exact.
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Next let G be a pseudogroup of projectable transforma-
tions acting on E. By restricting the variational bicom-
plex to prG invariant elements one gets the G invariant
variational bicomplex Ω∗,∗G (J∞(E)):

xdV xdV xδV
0 −→ Ω0,3

G · · · Ωm,3G
I−→ F3

GxdV xdV xδV
0 −→ Ω0,2

G
dH−−→ Ω1,2

G
dH−−→ · · · Ωm−1,2

G
dH−−→ Ωm,2G

I−→ F2
GxdV xdV xdV xdV xδV

0 −→ Ω0,1
G

dH−−→ Ω1,1
G

dH−−→ · · · Ωm−1,1
G

dH−−→ Ωm,1G
I−→ F1

GxdV xdV xdV xdV
R −→ Ω0,0

G
dH−−→ Ω1,0

G
dH−−→ · · · Ωm−1,0

G
dH−−→ Ωm,0G
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The edge complex

R −→ Ω0,0
G

dH−−→ Ω1,0
G

dH−−→ · · ·

dH−−→ Ωm−1,0
G

dH−−→ Ωm,0G
E−→ F1

G
H−→ F2

G
δV−→ · · ·

is the G invariant Euler-Lagrange complex E∗G(J∞(E)).

Associated cohomology spaces:

Hr(E∗G(J∞(E))) =
ker δV : ErG → E

r+1
G

im δV : Er−1
G → ErG

.
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Example: Integrable systems again.

PKP equation:

Bundle: E = R3 × R→ R;
Group: symmetry group gPKP of the PKP equation.

The PKP source form

∆PKP =

(
utx +

3

2
uxuxx + uxxxx +

3

4
s2uyy

)
θ∧dt∧dx∧dy

generates non-trivial cohomology in H4(EgPKP
(J∞(E))).

Compute H∗(EgPKP
(J∞(E)))!
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MKdV equation:

Bundle: E = R2 × R→ R;
Group: symmetry group gMKdV of the MKdV equation.

The MKdV source form

∆MKdV =
(
utx − uxxxx − u2

xuxx
)
θ ∧ dt ∧ dx

generates non-trivial cohomology in H3(EgMKdV
(J∞(E))).

Compute H∗(EGMKdV
(J∞(E)))!

Davey-Stewartson Equation:

Bundle: E = R3 × R3 → R3;
Group: symmetry group gDS of the DS equation.

Compute H∗(EgDS
(J∞(E)))!
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Natural Variational Bicomplex for Riemannian
Metrics

Bundle: E = Rm ×Qm → Rm;
Group: g = lift of X (Rm) to E.

Gilkey: Hp(Eg(J∞(E))) =

{
Pontrjagin classes, p ≤ m;

Euler class, p = m = 2q.

Anderson: Hm+1(Eg(J∞(E))) =

{ {0}, m = 0, 1, 2 (mod 4);

I(so(m)), m = 3 (mod 4),

where I(so(m)) denotes so(m) invariant polynomials.

Compute H∗(Eg(J∞(E)))!
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Foliations

Codimension q integrable distribution ∆ is determined by
ω1, . . . ,ωq with dωa = ηab ∧ ωb.

Model using the trivial foliation FT = {(xi, ya) | ya = ca}
of Rm:

M = Rp × Rq = {(xi, ya)}.

P = Gl(q)×M →M , Q = ⊕
q2
T ∗M ×M →M .

E = P⊕Q→M ; E = {(xi, ya, gab , ηab,i, ηab,c)} → {(xi, ya)}.

V ⊂ J1(E) consists of all 1-jets satisfying dωa = ηab ∧ ωb.

Group:

g =
{
X ∈ X (Rm) |X = f i(xj , yb)

∂

∂xi
+ ga(yb)

∂

∂ya
}

consist of vector fields on Rm preserving FT .

Compute H∗(Eg(V∞))!
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Exactness of the Horizontal Rows.

Theorem. Let g be a pseudgroup of projectable transfor-
mations acting on E → M , and let ωi and Θα be pr g
invariant horizontal frame and zeroth order contact frame
defined on some open set U ⊂ J∞(E) contained in an
adapted coordinate system.

Then the interior rows of the pr g invariant augmented
variational bicomplex restricted to U are exact,

H∗(Ω∗,sg (J∞(U))) = {0}, s ≥ 1.

Corollary. Under the above hypothesis

H∗(E∗g (U), δV ) ' H∗(Ω∗g(U), d).



34

The proof is based on the analysis of the highest weight
terms in the contact forms:

Suppose
dHω = 0 for ω ∈ Ωr,sg , s ≥ 1.

Let H(ω) consists of the highest weight terms in ω with
the coefficients having been frozen. Then

dHH(ω) = 0,

so the standard horizontal homotopy operator produces a
form

η̂ ∈ Ωr−1,s
Γ with dH η̂ = H(ω).

Next by unfreezing the coefficients in η̂ and doing some
algebra, one can construct a g invariant form η so that
the highest weight terms in dHη agree with H(ω),

H(dHη) = H(ω).

Now proceed by induction.

The proof can be straightforwardly modified to prove the
exactness of the interior rows of the invariant variational
quasi-tricomplex (Kogan, Olver, 2001) for non-projectable
pseudogroup actions.
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Computational Techniques.

1. Methods based on the explicit description of
the invariant variational bicomplex. Recall that
the invariantization process yields complete sets of differ-
ential invariants and an invariant coframe.

H∗(Ωg(U), d) can be computed with the help of the double
complex spectral sequence associated with the filtration

F pΩΓ = ⊕q≥pΩ∗,qΓ .

The first page of this consists of

H∗,∗(Ωg(U), dV ).
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Gelfand-Fuks Cohomology: Formal power series vec-
tor fields on Rm

Wm =

{
m∑
i=1

al
∂

∂xl
| al ∈ R[[x1, . . . , xm]]

}
.

Lie bracket [ , ] : Wm ×Wm →Wm.

GiveWm a topology relative to the idealm = (x1, . . . , xm).

Λ∗c(Wm): continuous alternating functionals on Wm.

Λ∗c(Wm) is generated by δij1···jk , where

δij1···jk(al
∂

∂xl
) =

∂kai

∂xj1 · · · ∂xjk
(0).

The differential d : Λic(Wm) → Λi+1
c (Wm) is induced by

Lie bracket of vector fields so that

dω(X,Y ) = −ω([X,Y ]).

d2 = 0!
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Let go ⊂ g ⊂Wm be subalgebras.

Define

Λ∗c(g) = Λ∗c(Wm)|g,

Λ∗c(g, go) = {ω ∈ Λ∗c(g)|X ω = 0, X dω = 0, X ∈ go}.

The Gelfand-Fuks cohomology H∗(g, go) of g relative to go
is the cohomology of the complex (Λ∗c(g, go), d).

If g is finite dimensional, then H∗(g, go) is the usual Lie
algebra cohomology.
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Evaluation Mapping: Pick σ∞ ∈ J∞(E).

For a given infinitesimal transformation group g acting on
E, let

go = {X ∈ g |prX(σ∞) = 0}.

Define ρ : Ω∗g(J∞(E))→ Λ∗c(g, go) by

ρ(ω)(X1, . . . , Xr) = (−1)rω(prX1, . . . ,prXr)(σ
∞).

Then ρ is a cochain mapping, that is, commutes with the
application of d, and thus induces a mapping

ρ∗ : H∗(Ωg(J∞(E)), d)→ H∗(g, go).
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2. Equivariant deformations

Construct a subbundle K∞ ⊂ U ⊂ J∞(E) with

(i) pr g acting transitively on K∞; and

(ii) K∞ is pr g equivariant strong deformation retract of
U , that is, there is a smooth map H : U × [0, 1]→ U
such that

H(σ∞, 0) = σ for all σ∞ ∈ U ,

H(σ∞, 1) ∈ K∞ for all σ∞ ∈ U ,

H(σ∞, t) = σ∞ for all (σ∞, t) ∈ K∞ × [0, 1],

(Ht)∗(prX|σ∞) = prX|H(σ∞,t) for all X ∈ g,

(σ∞, t) ∈ U × [0, 1].

Under these conditions the inclusion map

ι : K∞ → U
and the evaluation map

% : Ωpg(K∞)→ Λp(g, go)

induce isomorphisms in cohomology
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3. Moving Frames: Recall that

τn:Hn|K → Jn

is an equivariant local diffeomorphism, so it suffices to
compute H∗(Ω∗G(Hn|K), d). Now the action of G on K is

trivial, so by choosing K with trivial de Rham cohomology,
the Künneth formula implies that

H∗(E∗G(U), δV ) ' H∗(Ω∗G(G), d).

But Ω∗G(G) is effectively described by the infinitesimal de-
termining equations.

Ideally the cohomology can be computed directly from the
infinitesimal determining equations for G.
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PKP equation again. The symmetry group gPKP ad-
mits a basis αn, βn, γn, υn, ϑn, n ≥ 0, of invariant forms
so that

dαn =
n∑
k=0

(
n

k

)
αk ∧ αn−k+1,

dβn =

n∑
k=0

(
n

k

){
αk ∧ βn−k+1 − 2

3
αk+1 ∧ βn−k

}
,

dγn =

n∑
k=0

(
n

k

){
αk ∧ γn−k+1 − 1

3
αk+1 ∧ γn−k − 2

3
s2βk ∧ βn−k+1

}
,

dυn =
n+1∑
k=0

(
n+ 1

k

){
αk ∧ υn−k+1 +

4

9
s2(βk+1 ∧ γn−k+1

− 2βk ∧ γn−k+2)
}
,

dϑn =
n∑
k=0

(
n

k

){
αk ∧ ϑn−k+1 +

1

3
αk+1 ∧ ϑn−k

+ βk ∧ υn−k +
2

3
γk ∧ γn−k+1

}
.
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Let A be a non-vanishing differential function on some
open set U ⊂ J∞(E) satisfying

prXf (A) +
1

3
Af ′(t) = 0,

∂A

∂y
= 0,

and let B be a differential function on U satisfying

prXf (B) +
2

3
yA−1f ′′(t) = 0,

∂B

∂y
= 0.

For example, one can choose

A = (uxn)
1

n+1 , and

B = −3

2
s2uxn−1y(uxn)−

n+2
n+1 , n ≥ 3.
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Theorem. Suppose that differential functions A and B,
defined on an open U ⊂ J∞(E), are chosen as above.
Then the dimensions of the cohomology spaces
Hp(E∗gPKP

(U), δV ) are

p 1 2 3 4 5 6 7 p ≥ 8

dim 0 1 1 3 3 2 3 0

Let {α0, β0, γ0} be the gPKP invariant horizontal frame
defined by

α0 = A3dt, β0 = A2dy +A3Bdt,

γ0 = Adx− 2

3
s2A2Bdy +A3Cdt,

where C = − 3
2uxA

−2 − 1
3s

2B2, and let K be the gPKP
differential invariant

K = (utx +
3

4
s2uyy +

3

2
uxuxx)A−5.
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Moreover, let ∆1, ∆2 ∈ E4
gPKP

(U) be the source forms

∆1 = (utx +
3

2
uxuxx +

3

4
s2uyy) dt ∧ dx ∧ dy ∧ du,

∆2 = uxxxx dt ∧ dx ∧ dy ∧ du,

and let ∆3 ∈ E4
gPKP

(U) be the source form which is the
Euler-Lagrange expression

∆3 = E(BKα0 ∧ β0 ∧ γ0).

Note that the PKP source form is the sum

∆PKP = ∆1 + ∆2.

Corollary. Let ∆ ∈ E4
gPKP

(U) be a gPKP invariant source
form that is the Euler-Lagrange expression of some La-
grangian 3-form λ ∈ E3(U). Then there are constants
c1, c2, c3 and a gPKP invariant Lagrangian 3-form λ0 ∈
E3
gPKP

(U) such that

∆ = c1∆1 + c2∆2 + c3∆3 + E(λ0).
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Natural Variational Bicomplex of Riemannian
Metrics.

The coframe

dxi,

θij = dV gij ,

ωijk,l1···lp = ∇(l1∇l2 · · · ∇lp)dV Γijk,

ξij,l1l2···lp = ∇(l1∇l2 · · · ∇lp)dVRi
k
jk,

transforms homogeneously under g = X (Rm) =⇒
Ω∗g(J∞(E)) can be described explicitly.

Let

ωij = gikdV gjk,

γij = dxk ∧ dV Γijk,

σij = ωik ∧ ωkj .
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Use the bicomplex spectral sequence:

H∗,∗(Ωg(J∞(E)), dV ) is generated by

P (ωij), Q(γij), Pf(σij),

where P , Q are gl(m) invariant polynomials =⇒

H∗(Ωg(J∞(E)), d), H∗(Eg(J∞(E)), δV )

can be computed by snaking.
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Or, J∞(E) can be deformed equivariantly to the bundle
of flat metrics =⇒

H∗(Ωg(J∞(E))) ' H∗(g, so(m)).

Truncated Weil algebra: Start with

c1, c2, . . . , cm,

h1, h3, . . . , h2k+1, 2k + 1 ≤ m < 2k + 3,

where

deg ci = 2i, deg hi = 2i− 1, and

dci = 0, dhi = ci.

WO(m) =
Λ(h1, h3, . . . , h2k+1)⊗ P (c1, c2, . . . , cm)

{terms of degree > 2m in cm}
.

Bott, Häfliger:

H∗(g, so(m)) =

{
H∗(WO(m)), m odd;

H∗(WO)(m))[Ξ]/(Ξ2 − cm), m even.
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Foliations. Secondary characteristic classes:

h∗ the dual of a given finite dimensional Lie algebra h.

Weil algebra: W (h) = Λ(h∗)⊗ S(h∗)

Filtration FrW (h) = ⊕
2j≥r

Λ∗(h∗)⊗ Sj(h∗).

Differential

dW (γ ⊗ 1) = 1⊗ γ + dhγ ⊗ 1,

where dhγ(v, w) = γ([v, w]) for γ ∈ Λ1(h).

Specialize to h = gl(q), and define the truncated Weil al-
gebra by

W (gl(q)) = W (gl(q))/F2q+1W (gl(q)).

Recall dωa = ηabω
b. Define

η̂ab = ηab + µacdV ω
c
b , µab = (ω−1)ab ,

and write
ζab = dη̂ac − η̂ac ∧ η̂cb .

Then ζa1b1 ∧ · · · ∧ ζ
ar
br

= 0 for r > q. ( Bott’s vanishing

theorem)
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Let eab ∈ gl(q)∗, eab (A) = Aab .

Define
Φ:W (gl(q))→ Ω∗(V∞)

by
Φ(eab ⊗ 1) = η̂ab , Φ(1⊗ eab ) = ζab ,

and extend multiplicatively. Then Φ induces a homomor-
phism

Φ:H∗(W (gl(q)))→ H∗(Eg(V∞)).

For example, H∗(W (gl(2))) is generated by

(η̂1
1 + η̂2

2) ∧ d(η̂1
1 + η̂2

2) ∧ d(η̂1
1 + η̂2

2);

(ζ1
1 ∧ ζ2

2 − ζ1
2 ∧ ζ2

1 ) ∧ (η̂1
1 + η̂2

2);

(ζ1
1 ∧ ζ2

2 − ζ1
2 ∧ ζ2

1 ) ∧ (η̂1
1 − η̂2

2) ∧ η̂1
2 ∧ η̂2

1 ;

d(η̂1
1 + η̂2

2) ∧ d(η̂1
1 + η̂2

2) ∧ η̂1
1 ∧ η̂1

2 ∧ η̂2
1 ∧ η̂2

2 ;

(ζ1
1 ∧ ζ2

2 − ζ1
2 ∧ ζ2

1 ) ∧ η̂1
1 ∧ η̂1

2 ∧ η̂2
1 ∧ η̂2

2 ;

Open question: Is Φ surjective?


